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An Optimal-Order Multigrid Method for 
P1 Nonconforming Finite Elements 

By Susanne C. Brenner 

Abstract. An optimal-order multigrid method for solving second-order elliptic bound- 
ary value problems using P1 nonconforming finite elements is developed. 

1. Introduction. Let Q be a convex polygon in R2 . Let f E L2 (Q), a E C1(Q) 
and 0 E CO(Q!). We assume there exist constants ao, o such that a > ao > 0 and 

,# > /o, where 0o depends on the boundary condition. In this paper we develop an 

optimal-order multigrid method for solving the Dirichlet problem (,3o = 0) 

(1.1) -V * (aVu) + Ou = f in Q, 

u = 0 on &9 

and the Neumann problem (0o > 0) 

-V (aVu)+ u=f inQi, 
(1.2) au = 0 on , 

9n 
using P1 nonconforming finite elements (cf. [3], [4], [10]). We refer the reader to 
[1], [7] and [9] for conforming multigrid methods. As in [1], our multigrid method 
will be described in a coordinate-free fashion. 

Our method consists of smoothing on the current-grid and coarser-grid correc- 
tion, as in the conforming multigrid method. The important difference in the non- 
conforming case is that Vk-1 Z Vk, where Vk's are the finite element spaces on mesh 
level k. Hence we can no longer simply use the natural injection for the intergrid 
transfer of grid functions. The key idea is to define an operator Ikj1: Vk_ l Vk 
that reduces to natural injection on continuous piecewise linear functions. By doing 
so, we can use the well-known analysis of the conforming multigrid method. We 
will show that the approximate solution satisfies the same type of error estimates 
as the discretization error and that it can be obtained in Y(n) steps, where n is 
the dimension of the discretized finite element space. Since our intergrid transfer 
operator does not preserve either the energy or the L2-norm, the standard proof of 
convergence (cf. [2]) for the %-cycle does not carry over directly. We will there- 
fore only discuss a v-cycle method, even though the -"cycle method may be 
convergent. 

The paper is organized as follows. We begin with a discussion of the notation and 
fundamental estimates from the theory of finite elements. The intergrid transfer 
operator is discussed in Section 3. Section 4 contains the results on the contracting 
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property of the kth level iteration followed by the convergence theorems for the 
nested iteration in Section 5. The singular Neumann problem (p0 = 0 in (1.2)) 
will be treated in Section 6. A piecewise quadratic nonconforming finite element is 
discussed in the last section. 

2. Preliminaries and Notation. Let V = W2 (Q) for the Neumann problem 
(1.2) and V = {v E W2(f2): vln = 0} for the Dirichlet problem (1.1). Here, 
W2'(Q) denotes the usual Sobolev space (cf. [3]). The variational formulation for 
(1.1) and (1.2) is to find u E V such that 

(2.1) a(u, v) = F(v) Vv E V, 

where 

(2.2) a(u, v) = f caVu* Vv + /uv and F(v) = f fv. 

Let {?fk}, k > 1, be a family of triangulations of Q, where 9k+1 is ob- 
tained by connecting the midpoints of the edges of the triangles in Sk. Let 

hk := maXTe,7-k diamT (therefore hk = 2hk+l). Then there exist positive con- 
stants C1, C2, independent of k, such that 

(2.3) C2hh2 < ITI < Clh 2 VT ESk, 

where ITI denotes the area of the triangle T. These constants depend only on the 
angles that appear in 71. Throughout this paper we let C and Ci denote generic 
constants independent of k. 

For the Dirichlet problem (1.1), define the finite element space 

Vk {V: VIT is linear for all T E Sk, V is continuous at the midpoints 
(2.4) 

of the edges and v = 0 at the midpoints on af2 . 

For the Neumann problem (1.2), we define Vk similarly but without any restrictions 
on v along the boundary of Q. Note that functions in Vk are not continuous. In 
other words, Vk is a nonconforming finite element space. 

We also use a conforming finite element space for our analysis. Define 

(2.5) Wk {W: WIT is linear for all T E Jk, W is continuous 

on Q and wIan = 0} 

for the Dirichlet problem (1.1). For the Neumann problem (1.2), we make no 
assumptions on w along the boundary of Q. The space Wk will only be used to 
obtain our theoretical estimates. We emphasize that it will not play any role in the 
actual multigrid algorithm. Observe that Wk = Vk n v = Vk n Vk+1. 

Let {q$k,..., qok } be the basis of Vk such that each Ok~ equals 1 at exactly one 
midpoint and equals 0 at all other midpoints. For any linear functions X, X on a 
triangle K, 

(2.6) 1K = _IKI ( V(mi)0(mi)), 

where the mi's are the midpoints of the sides of K (cf. [3, p. 183]). It follows that 
the Xi's are orthogonal with respect to the L2-inner product. 
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Similarity is an equivalence relation on triangles. For each equivalence class M, 
there exist constants Cw > 0 and Cr > 0 such that for any triangle T E M and 

v E 3, (T), the space of first-degree polynomials on T, we have 

0w E(v) < j jVvl2 < C?1e(v). 

Here, E1(v) = [v(ml)-v(m2)]2+[v(m2)-v(m3)]2+[v(m3)_v(ml)]2 and ml, M2, m3 

are the midpoints of the sides of T. Since any triangle in Jk (k = 1, 2,...) is similar 
to a triangle in 71, there exist C3,C4 > 0 such that 

(2.7) C3E(v) < f jVV2 < C40(v) 

for any v E 921(T), T E 7k, k = 1,2,.... Moreover, as a consequence of (2.3), 
(2.6) and (2.7), there exists C > 0 such that 

(2.8) f IVvI2 < Ch-21Iv1V12 

forvE3DX(T) and TEJk. 

For each k, define (on Vk + W2' (Q)) 

(2.9) ak(u, v) Z= f(aVu Vv + puv) 
TEtFkT 

and 

(2.10) 1lU11k := Vak(UU). 

The bilinear form ak (, ') is obviously symmetric and positive definite on Vk. The 

stiffness matrix representing ak(.,) with respect to the basis {Qk,...,0 kk} has at 

most five entries per row. As a consequence of (2.8), we have 

(2.11) IIuIIk< Ch- 'IUIIL2 Vu E Vk. 

We also note that if u,v E W21(Q), then ak(u,v) = a(u,v). 

We now recall some fundamental estimates from the theory of finite elements. 

Let Hk and flk be the interpolation operators associated with Vk and Wk, re- 

spectively. If u E W22(Fl), we have the following estimates for the interpolation 

error: 

(2.12) ju - rHkUIIL2 + hJju - IHkUIIk < Ch2IIUIIW22 

and 

(2.13) ||u - IIkUjL2 + hkllu - IIkUIIk < Chk 2IIw2 

(cf. [3]). 

Since f E L2(Q), elliptic regularity implies that u E W22(Q) (cf. [6]). For the 

same f, let Uk E Vk satisfy 

ak(Uk,V) = fv VVEVk 

and let uk E Wk satisfy 

ak(Ukiv)= / fv VVEWk. 
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Since Vk satisfies the patch test (cf. [8], [10]), we have the following estimate for 
the discretization error: 

(2.14) IIU - UkIIL2 + hkllU - Ukllk < Ch2IIUIIW2 

(cf. [4], [10]). The estimate for the conforming discretization error is, of course, well 
known (cf. [3]): 

(2.15) IIU-UkIIL2 + hkllu-ikllk < Ch2IIUIIW2. 

In [1], it was shown that ilk could be calculated by an iterative procedure to within 
an accuracy comparable to the error estimated by (2.15) using an amount of work 
that is proportional to the number of unknowns, namely the dimension of Wk. Our 
main goal in this paper is to prove a corresponding result for the computation of 

Uk. 

From the spectral theorem, there exist eigenvalues 0 < A1 < A2< ... < Ank and 
eigenfunctions 0l, 02,... .-, Onk E Vk, (/i, kj)L2 = bij (= the Kronecker delta), such 
that ak(ki,V) = Ai(ki,V)L2 for all v E Vk. From (2.11), there exists 05 > 0 such 
that 

(2.16) Ai < C5hk-2. 

If v E Vk, we can write v = 1 vi=i. The norm IIIVIIIs,k is defined (cf. [1]) as 
follows: 

/nk \1/2 

(2.17) ||v||, := t A z 

Note that IIIvIIIo,k = 11V11L2 and IIIvIII1,k = IlvIlk. 
Finally, it follows from the Cauchy-Schwarz inequality that 

(2.18) Iak(v,W)I < IIIvIII1+t,kIIIWIIlJ-t,k 

for any t E R and v,w E Vk. 

3. The Intergrid Transfer Operator. For v E Vk-l the intergrid transfer 
operator Ik_-1 Vk-l -+ Vk is defined as follows. Let p be a midpoint of a side of a 
triangle in 'k. If p lies in the interior of a triangle in Sk-1, then we define 

(k-1 V )(p) : = V (p). 

Otherwise, if p lies on the common edge of two adjacent triangles T1 and T2 in 
S'k-1, then we define 

(Ik'_1V)(P) := 2 [VJT1 (P) + VIT2 (P)] 

Note that the matrix for Ik with respect to the bases {q,k-1, ,ok-1} and 

{ok * 
k , *Xn } has at most five entries per row. 

From the definition of Ijk_l it is clear that 

(3.1) I vk_lv Vv EWk-, =VkfnVki C v. 

In other words, Ik _lIwk-1 is just the natural injection. 
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LEMMA 1. There exists C > 0 such that 

(3a2) IISk-1VIIk <k CIIVIlk-1 (3.2) 1III_ 1VIlk ?Ol l- 

and 

IIk-l|L CIIVIIL2 

for all v E Vk-l. 

Proof. The inequality (3.3) follows immediately from (2.6), the definition of Ikk_ 
and the quasi-uniformity of the triangulations. 

Inequality (3.2) can be deduced from (3.3) as follows. Given v E Vk_l, define 
g E Vk-l by 

3.4) |g+= ak-1 (v,0) VoE Vk_j, 

w E Wk-1 by 

(3.5) ak(w, q) =f g V E Wk-1, 

and z E V by 

(3.6) a(z 5) =fg Vq5 E V. 

Then (3.3), (2.11), (2.14), (2.15) and elliptic regularity imply that 

IIIk_1V Ilk < JjIkj(V -W)IIk + |liWlk 

<Ch1jIkk_I(v - W)IIL2 + 11W - VIIk-1 + IIVIlk-1 

(3.7) < Ch llv - WIIL2 + IIVIIk-1 

<Ch1[Ilv -ZIIL2 + ||W - ZJIL2] + IIVIlk-1 

< ChkIlzIIw22 + IIVIIk-1 < ChkjjgjiL2 + IIVIlk-1. 

But 

iigiiL2 = ak-1(V,9) < |IVIlk-1lIgllk-1 < Chj1 IIVIlk-1lI19IgL2. 

Therefore, 

(3.8) 191IiL2 < Chk-1IIVIIk-l. 

Combining (3.7) and (3.8), we obtain (3.2). 0 

4. Contracting Properties of the kth Level Iteration. The kth level 
iteration with initial guess zo yields MG(k,zo,G) as an approximate solution to 
the following problem. 

Find z E Vk such that ak(z, v) = G(v) Vv E Vk, where G E Vk. 

For k = 1, MG(1, zo, G) is the solution obtained from a direct method. For k > 
1,MG(k,zo,G) = Zm + Ikk 1qp, where the approximation Zm E Vk is constructed 
recursively from the initial guess zo and the equations 

(Zi Zi-l,V)L2 = (Ak)1 (G(v) - ak(Zi-1,v)), Vv E Vk, 1 < i < m. 

Here, Ak = C5h -2 (cf. (2.16)), which is greater than or equal to maxl<i<?k Ai, 
and m is an integer to be determined later. With respect to {ok. nk}zm 
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can be obtained from zo by iterating a sparse band matrix because the Ok''s are 
L2-orthogonal. The coarser-grid correction qp E Vk-l is obtained by applying the 
(k - l)-level iteration p times (p = 2,3). More precisely, 

qo = 0, 
qi = MG(k -1, qi_-,,G), 1 < i < pi 

where GEV,_1 is defined by G(v) := G(I7k_1iv)-ak(ZmXIk1V) Vv E Vk-1 

The main result in this section is the following theorem. 

THEOREM 1. If the number of smoothing steps is large enough, then the kth 
level iteration is a contraction for both the energy norm and the L2 -norm. Moreover, 
the contraction number is independent of k. 

Theorem 1 is a trivial consequence of the following lemmas. In order to simplify 
the notation, we define the statements 

(Sk): When the kth level iteration is applied to the problem of finding z E Vk 

such that ak(z, v) = G(v) Vv E Vk, we have Iz- MG(k, zo, G) Ik < 

Ai|Z - Zolik, 

and 

(Sk): When the kth level iteration is applied to the problem of finding z E Vk 

such that ak (z, v) = G(v) Vv E Vk, we have Ilz - MG(k, zo, G) 11L2 ? 

a71IZ - Z0IIL2. 

LEMMA 2. There exists -y E (0,1) and an integer m > 1, both independent of 
k, such that 

(Sk-1) implies (Sk). 

LEMMA 3. There exists `7 E (0,1) and an integer m > 1, both independent of 
k, such that 

(Sk-1) implies (Sk). 

Our analysis is based on estimates of the following errors. Let eo := z -zo 

em := Z- Zm and ef := z - MG(k, zo, G). Also let e E Vk-l satisfy 

(4.1) ak-1(e,v) = G(v) = ak(emIkk_iv) Vv E Vk_, 

and let e E Wk-l satisfy 

(4.2) ak-1(e,v) =G(v) =ak(em,Ik-lv) =ak(em,v) Vv eWk-1. 

As in the conforming case (cf. [1]), we have the following effects of the smoothing 
steps. 

LEMMA 4. There exists C > 0 such that 

(4.3) llemllL2 < lleollL2e 

(4.4) lIemIlk < Ileolik 

and 

(4-5) lllemlll2,k < Ch 1m 12 ll1eolll,k = Ch- m" 2l|leollk. 
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From (4.1) and (3.2) we have 

llell-i = ak(em, 
Ikk-le) 

< IIemllIkIIIkklellk < 
CIIemIIkIleIIk-l1 

Therefore, there exists C > 0 such that 

(4.6) Ilellk-1 < Clem Ilk ? Clleo Ilk. 

Since e and e are approximate solutions in different spaces to the same problem 
(cf. (4.1) and (4.2)), they are close to each other. 

LEMMA 5. There exists C > 0 such that 

(4.7) |e-eellL2 < Chkm'llj|eollL2 

and 

(4.8) lie - lIk-1 <lCm112IeoIIk. 

Proof. Let fo E Vk-l satisfy 

(fo,V)L2 =ak(em,Ikk_v) VvEVk_1j 

It follows from (2.18) and (3.2) that 

l|folIl2 = ak(em, Ik_fo) ? JllemIII2,k11IkkIlfolIIo,k 

< Clllemlll2,kIlf01lL2. 

Therefore, 

(4.9) llfolIL2 < Clllemlll2,k. 

Let vo E W22 (Q) satisfy 

-V (aVvo) + vo = fo in Q, vo = O on AO ( , ?= O on OQ) 
O9n 

in the Dirichlet (Neumann) case. Note that e and e are the finite element (Galerkin) 
approximations to vo in Vkl and Wk,1, respectively. By (2.14) and (2.15), we have 

Ivo - e1L2 + hk-1 jIVO -eIk-1 < Ch21 IlvolIW22 and IIvO - eL2 +hk-1 1jVO-jjIk-1 < 

Ch_ 2 2Voll w2. 

Since hk-l = 2hk, it follows from the triangle inequality that 

lie - jlIL2 + hkle - ellk-1 < Chk lvollw2. 

By elliptic regularity, IIvOIIW22 < CllfOllL2. Therefore, from (4.9) we obtain 

(4.10) lie - jIIL2 + hklle - eIIk1 < Ch IIIemIII2,k. 

The inequalities (4.7) and (4.8) now follow from (4.10) and (4.5). 0 
Next, observe that from (4.2) and the fact that Wk-I C V we have an orthogo- 

nality relation, 

(4.11) ak(em-e,v)=O VVEWk-l. 

The analysis of em - e is similar to the one used in conforming multigrid methods. 
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LEMMA 6. There exists C > 0 such that 

(4.12) liem - eIIL2 < Cm""1/2IIeOIIL2 

and 

(4.13) <em - CM-k ? 0m1211eo/ Ie 
Proof. By (4.11), (2.18) and (4.5) we have 

hlem - = ak(em-e,em-) = ak(em-e,em) 

(4.14) < Illem - 0IIIO,kIIIemIII2,k 
< Chk-m- 1/2Ilem - eIIIo,klleollk. 

We will use a duality argument to estimate hllem - e111o,k = lem - eIIL2. Let 

w E W22(Q) satisfy 
(9w 

-V (aVw) + w = em- in Q, w = O on X2 ( on X2 

in the Dirichlet (Neumann) case. Let Wk E Vk satisfy 

ak(wk, v) = f(em - e)v Vv E Vk. 

Then 

hem - eIL2 = f(em - e)(em-e) = ak(wk, em- 

= ak(w - VI em-e) + ak(Wk - w, em- 

for any v E Wk-l by the orthogonality relation (4.11). Therefore, by the ap- 

proximation property (2.13), the discretization error estimate (2.14) and elliptic 

regularity we have 

hem - ellL2 < inf 11w - Vllkllem - eIlk + lWk -Wllkllem - ellk y EWk 

< Chk,lwllw2llem - Illk < Chkllem -eIL2Ilem - ellk. 

Thus, 

(4.15) hlem - 4IIL2 < Chkllem - eIIk 

The inequality (4.13) now follows by combining (4.14) and (4.15). 
From (4.15), (4.13) and (2.11) it follows that 

hem -eIL2 < Chkllem -eIk 

< Cm1/hkIIeoIIk < Cm-/2 IleolIL2. 0 

Proof of Lemma 2. Recall that ef = z - MG(k, zo, G) and eo = z - zo. We have 

by (3.1) 

Ilef Ilk = Ilem - Ikk-lqpIlk 

< Ilem - |k + I|lIk-l ee) Ilk + IlIkk- (e -qp)Ilk- 

From (4.13), (4.8), (3.2) and (Sk_1), it follows that 

llef Ilk < Cm-1/211eollk + CyPlIIellk-l. 

But (4.6) yields 
Ilef Ilk < (Cm-1/2 + C-yP)jleoQllk 
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If Ey e (0,1) is small enough, then C-yP < -y/2 (since p > 1). If m is large enough, 

then Cm-1/2 < -1/2. For such choices, we have 

Ilef Ilk <' ylleollk. ? 

Proof of Lemma 3. We have by (3.1) 

IlefIIL2 < IIem -eIL2 + IlIkkI (e-e)IIL2 + |Ik_j1(e-qp)IIL2. 

By (4.12), (4.7), (3.3) and (Sk-l) it follows that 

(4.16) Ilef! IL2 ? Cm l"/2lleoIlL2 +C7PllellL2. 

But 
IIelIL2 < lie - ellL2 + le - emllL2 + llemllL2 

< Cm-1/2 lleollL2 + lleollL2 

by (4.7), (4.12) and (4.3). Therefore, llellL2 < ClleollL2. Hence from (4.16), 

Ilef IlL2 < (Cm-1/2 + C-7)IleolIL2 . 

If 7y E (0,1) is small enough, then CFj < 7y/2. If m is large enough, then Cm-1/2 < 

7y/2. For such choices we have 

IlefllL2 <-lleollL2. 0 

5. Nested Iteration. We have a sequence of discretizations for the problem 

(1.1) or (1.2). For each k, we want to find an approximate solution Uk to the 

problem of finding Uk E Vk such that 

ak(Uk,v) = fv VV EVk 

In the overall multigrid strategy, uil is obtained by a direct method. The approxi- 

mations U1k (k > 2) are obtained recursively by 

uo = Ij-1uj-l. 

ulj = MG(j, u,-j I F), 1 < I < r, F(v) =| fv, 

3~~~~~~~~~ 
Uj = Ur. 

Here r is an integer to be determined. 

Define ek := u-Uk. In particular, e' = 0. Lemma 2, (2.14), (2.13), (3.1) and 

(3.2) imply that 

IIekIIk < _I IlUk - IkklUkI-llk 

? _,r{IIUk - UIIk + IIU - "k-lUlIk + IIIk-j(k-1U - Uk-l)IIk} 

? C_ {hkIlW2 + Il|k-1U - Uk-1Ilk-1} 

< C_, hkl|U|W22 + IIHk-lU - Ullk-1 + IIU - Uk-lIIk-1 + IIUk-1 -Uk-lllk-1} 

< C_ {hkjIuIIW2 + hk-1IIUIIw2 + IIek-lIk-1}. 

Since hk-1 = 2hk, 

(5.1) IIekIIk < Chka 2IuIIw2 + C_ 11Iek-lIk-1. 
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By iterating (5.1) we have 

Ilekllk < Chk'fIIuIIw2 + C2hk-1 2tIuIlw2 + * + CkhlikrIIUIIW2 W22 

<1u12hk C-yr 
< 

"u"W2 1.- 2Cjr 

if 2C0r < 1. Therefore, 

(5.2) IIekllk < ChkIluIIw22 
In summary, we have proved the following theorem. 

THEOREM 2. If r is large enough, then there exists a constant C > 0 such that 

IIU - || Ilk < ChkIluIIw22. 
Similarly, we can prove the following theorem for the L2-error. 

THEOREM 3. If r is large enough, then there exists a constant C > 0 such that 

IIU - Ukllk < Chk|IuIIw2 

THEOREM 4. The cost for obtaining U2k is c(nk), where nk is the dimension 
of Vk. 

Proof. This is a consequence of the fact that p = 2, 3 and that the number of 
nonzero entries in the stiffness matrices, the smoothing iteration matrices and the 
intergrid transfer matrices are all proportional to nk. The proof is the same as the 
one in [1]. 0 

6. The Singular Neumann Problem. When = _ 0 in (1.2), the necessary 
and sufficient condition for the existence of a solution is 

(6.1) f f=o. 

If (6.1) is satisfied, there exists a unique solution u in V = {v E W2 (Q): f0 v = 

0}. The multigrid method developed in earlier sections can be modified to yield 
approximate solutions of u. Let Vk = {v E Vk: f0 v = 0} and Wk = {w E 

Wk: f0 w = 0}. Let Uk E Vk satisfy 

(6.2) ak(Uk, v) = fv Vv E Vk 

and ilk E Wk satisfy 

(6.3) ak(ilk,v) = fv Vv E Wk. 

Then 

IIU-Uk IIkk = inf IIu-v IIlk 
VEWk 

(6.4) <l 
u 

Q n l 
= IIU - HkUlIk < ChkIIUIIW2. 

A duality argument shows that 

(6.5) IIu-ilkIL2 < Chk 2uIIw. 

The analog of (2.15) therefore holds for the space Wk. 
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To estimate IIu - Ukllk, we start with the formula (cf. [8]) 

(6.6) IIu-Ukllk < inf IUV-VIlk + sup lak(U-Uk,v)I 
VEVk vEVk IlVIlk 

By arguments similar to those that led to (6.4), we see that the first term is bounded 
by ChkllulIw22. The second term is also bounded by ChklIuIIw22; the analysis is 
similar to that in [4]. Therefore, 

(6.7) IIu - UkIlk < ChkIluIIw22. 

Again, a duality argument (cf. the proof of (4.15)) shows that 

(6.8) IIu-UkIIL2 < ChIIuIIw2. 

Thus the analog of (2.14) holds for Vk. 
The operator Ikk-l defined in Section 3 must be modified so that it maps Vk_, 

into Vk. We define Ik -1 --1 'Vk by 

(6.9) 'k_V =v Ik_lV ing Ikk_ v. 

The computation of the integral involves only c1(nk) operations (using the quadra- 
ture formula (2.6)). Note that Ijk_lw = w for all w E Wk-l. 

We have, by (3.2), 

(6.10) OIk_I1vIlk = IIIk_jVIIk < CIvIlk-1 

and, by the Cauchy-Schwarz inequality and (3.3), 

IIIk_ l1vIL2 = _I1V- [Ik_LV 

(6.11) < lIkk-iVIkL2 + / k_v 

< 2jIkk_.VIjL2 <? CjVj1L2 . 

Because of (6.4), (6.5), (6.7), (6.8), (6.10) and (6.11), the theory developed in earlier 
sections carries over to this case if we replace V, Vk, Wk and Ikk_ by V, Vk, Wk and 

kk_-i respectively. 
In practice we can use the same scheme with Ik_ replaced by 'k and V1 

replaced by V1. The solution obtained is in 1k since the zero mean value is pre- 
served by the intergrid transfer operator, the smoothing steps and the coarser-grid 
correction. 

7. Extension to a Quadratic Nonconforming Finite Element. The prin- 
ciples which led to our optimal-order multigrid method for P1 nonconforming el- 
ements can also be applied to higher-order nonconforming finite elements. In this 
section we will indicate how this can be done for a quadratic nonconforming finite 
element (cf. [5]). For simplicity, we restrict our discussion to the Dirichlet problem 
for the Laplace equation 

7.1) ~~~~-Au = f in Q, 

u=0 ondQ, 

where Q is a convex polygon. 
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Let V ={v E W1(): vlan = O} and a(u, v) = f. Vu Vv for u, v E V. Then 
the variational formulation for (7.1) is to find u E V such that 

(7.2) a(u, v) = fv Vv E V. 

We assume that u E W23 () n v in order to fully exploit the properties of the 
quadratic element. 

PS P4 

Pi P2 

FIGURE 1 

Let K be a triangle. The barycentric coordinates of the six Gauss-Legendre points 

Pl, P2, P3, P4, P5, P6 along the sides of K (cf. Figure 1) are obtained by permuting 

(2 ( 3 ) 2 ( 3 )? 

If g is a quadratic polynomial on K, then 

(7.3) 9(P6) - 9(P5) + 9(P4) - 9(P3) + 9(P2) - 9(P1) = 0 

(cf. [5]). 
Let 6,aj1,a2,a3,a4,a5,a6 E R such that 6 1(-1)icai = 0. Then there is 

exactly one quadratic polynomial g such that g(pi) = ci and g(centroid) = p. 
Let Jk be the family of triangulations described in Section 2. Define 

Vk := {V: VIT is a quadratic polynomial for each T E Jk, V is continuous 

(7.4) at the Gauss-Legendre points of interelement boundaries and v 

vanishes at the Gauss-Legendre points on X21 
and 

(7.5) Wk {W: WIT is a quadratic polynomial for each T E 
2Fk, 

W iS 

continuous on Q and w 0 O on aQ}. 

Again, note that Wk = Vk n v = Vk n Vk+1. 
For each k, define 

(7.6) ak(Vl,v2) = |I VV1 * VV2 for vl,v2 E V + Vk 
TEg'k 

and 

(7.7) |Ivilk = ak(v,V)1. 
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P9 Ps 

Pio P7 
b5 b6 

Pi P2 P3 P4 

FIGURE 2 

Let Uk E Vk satisfy 

ak(uk,V) =fV VVEVk, 

and ilk E Wk satisfy 

ak(uk7V) =fV VvEWk. 

Then we have the estimates 

(7.8) IIu-ukIIL2 + hkllu ukllk < Ch3IIUIIw23 

and 

(7.9) ||u - fkJJL2 + hkIlU -ukllk < Ch 3 
1U I IW23. 

Inequality (7.9) is well known. Inequality (7.8) holds because the nonconforming 
element satisfies the patch test (cf. [4], [5]). The theory for P1 nonconforming finite 
elements can be extended to this case in a straightforward manner if we can find 
an operator Ik 1: Vkl - Vk such that (i) it is a bounded linear operator with 
respect to both the L2 norm and the energy norm and (ii) it reduces to the natural 
injection on Wk-1. 

For v E Vk-l, the operator Ikk_ Vk-* Vk is defined as follows. 
Let p be a Gauss-Legendre point of a side of a triangle in S9k. If p lies on the 

common edge of two adjacent triangles A1 and A2 in Sk-1, then 

k~~~~ 
(Ikk_lv)(p) := 2[VIA1 (P) + V1A2(p)I 

If p lies inside a triangle T in Sk-1, then there are two cases to consider. Ikk v 
assumes the same values as v at the points b2, b4 and b6; the value of Ikk_ at 
the points b1, b3 and b5 is determined by condition (7.3) applied to the three outer 
triangles T1, T2, T3 (cf. Figure 2). To complete the definition of the intergrid transfer 
operator we must verify that the values of Ikklv at the six Gauss-Legendre points 
of T4 satisfy (7.3). Then we let Ik_ 1v take the same value as v at the centroids of 
T1, T2, T3 and T4. 
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LEMMA 7. Let Pl,.... ,P12 be the Gauss-Legendre points along the boundary of 
T E Sk (cf. Figure 2). Then 

12 12 

(7.10) E(-l)i(Ikk_jv)(pi) = Z(-1)iVIT(Pi). 
i=l i=l 

Proof. Let e denote the edge that contains P1, P2, P3 and p4. We have 

(7.11) Z(-1) (I_1v)(pi) = Z(-l) VIT(pi) + E 2 [VIT'(Pi)-VIT(Pi)], 
i=l i=l i=l 

where T' is the neighboring triangle in g9k-1 that also contains e. On e, q := VIT'- 

VIT is a quadratic polynomial that vanishes at the two Gauss-Legendre points of the 
original triangle T, which are symmetric with respect to the midpoint. Therefore 
q is symmetric with respect to the midpoint of e. Thus q(p4) = q(pl) and q(p3) = 

q(P2). Hence the second sum on the right-hand side of (7.11) adds up to zero. 
Since a similar equality holds for each edge, Lemma 7 is now proved. o 
Because v satisfies (7.3) on T1,T2 and T3, 

12 6 

(7.12) (- 1)2v(pi) + 
6(-)iv(bj) 

= 0. 
i=l j=1 

But v also satisfies (7.3) on T4, hence 

6 

(7.13) E(-l)jv(bj) = 0. 
j=1 

Equalities (7.12), (7.13) and Lemma 7 then imply that 

12 

E(-1)k(Ik_ 1V)(Pj) = 0. 

i=1 

But by construction, 

12 6 

Eflj)Pk_+ Z(-1y(IL v)(bj) = 0. 
- i=1 j=1 

Therefore, 
6 

Z(-l1Y(Ik _ V)(bj) = 0, 
j=l 

and the compatibility condition on T4 is satisfied. Hence Ikk_ is well defined. 
By our definition of Ik_ 1v, it is obvious that Ik_1w = w for w E Wk1. 
The proof of Lemma 1 is still applicable for this intergrid transfer operator. 

Therefore, Ikk-l is bounded with respect to both the L2 and energy norms. 
As indicated earlier, once Ikk-l has these properties we can obtain a multigrid 

method for finding approximate solutions 2k of Uk such that 

IIU - kIIL2 + hkllu -Uk Ilk < ChflIuIIw,3. 
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